The purpose of this note is to give characterizations of one of the subclasses (defined by (2)) of quasimonotonic functions.
1.
Let f be a function from a convex set C ⊆ R n (having at least two different points) into R. We will denote by K, −K and A the classes of convex, concave and affine functions respectively.
A function f is strongly (weakly) convex on C if there exists a positive (negative) constant α such that for any x, y ∈ C and any λ ∈ [0, 1] holds
If −f is strongly (weakly) convex then f is strongly (weakly) concave. The classes of these functions will denoted as K s , (K w ), and −K s , ( −K w ). Clearly,
The classical result is that −K ∩ K = A.
A function f is said to be quasiconvex (f ∈ Q) if for all x, y ∈ C
where α > 0 is an constant ( [3] ). We write f ∈ −Q s if and only if −f ∈ Q s .
A function f is quasimonotonic ([4, p. 55]) if f is both quasiconvex and quasiconcave, i. e. for every x, y ∈ C, and all λ ∈ [0, 1]
The class −Q s ∩ Q s of strongly quasimonotonic functions is defined by f ∈ −Q s ∩ Q s if there exist α > 0 such that for all x, y ∈ C and all λ ∈ [0, 1]
,
Remark. The function f is quasimonotonic in the convex set C ⊆ R if it is increasing or decreasing. For that reason, if a function of one variable satisfies (2) then we will call it strongly monotonic instead of strongly quasimonotonic. Of course, every strongly monotonic function is strictly monotonic.
. This strictly monotonic function satisfies the inequalities (2) for α = 1, λ = 1/2 and for x, y ∈ [0, 1], but is not strongly monotonic.
2.
We have already stated that −K s ∩ K s = ∅. Since K s ⊂ Q s we will describe continuous functions belonging to the class −Q s ∩ Q s . First, we prove that the class of continuous functions of several variables does not contain any strongly quasimonotonic functions. Theorem 1. Suppose f is continuous on a convex set C ⊆ R n . If C is not a subset of a line, then f is not strongly quasimonotonic.
Proof. It is sufficient to show that, if f quasimonotonic, then f is not strongly quasimonotonic. Let
By continuity of f it follows
The set { x ∈ C | f (x) = β } is convex ([4, p. 71]) so that for the points of the line segment [(x + y)/2, u] the inequalities (2) do not hold.
Now assume that C ⊆ R is an unbounded interval, for example C = [a, +∞), and f is strongly monotonic on C. Then −f is strongly monotonic too, and one of them strictly decreases. However, a decreasing function is not strongly quasiconvex on [a, +∞) (the right inequality in (2) is not true) ( [2] ). This is impossible. The other two cases ( C = (−∞, b], C = R ) are to be considered similarly. So, a function of one variable can be strongly monotonic only on a bounded [a, b] . In the following theorem, by
we denote the upper right, lower right and lower left Dini derivates of f at x. f be a continuous function on [a, b] , where −∞ < a < b < +∞. Then the necessary and sufficient condition for f to be strongly monotonic is that there exist r > 0 such that
Theorem 2. Let
where N is at most countable.
Proof. Let f be strongly monotonic, and increasing for instance. Then, taking arbitrary x ∈ (a, b), we have by (2)
except perhaps on a countable set ( [6] ) means that
Conversely, assume that f fulfils (3). By Dini's theorem ([5, p. 12])
In the same manner we have 
